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Logistics

● Final project proposal feedback: next week
● Final presentations: 12/4 & 12/9
● Teaching & learning evaluation: 11/4
● Quiz 2 & HW 2: postponed to after fall break
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Recursive Language Models

https://alexzh
ang13.github.
io/blog/2025/
rlm/

https://alexzhang13.github.io/blog/2025/rlm/
https://alexzhang13.github.io/blog/2025/rlm/
https://alexzhang13.github.io/blog/2025/rlm/
https://alexzhang13.github.io/blog/2025/rlm/


Recursive Language Models (cont’d)
Input: a long report of 10,000 words about a company’s 5-year strategy
Query: What risks did the report identify in year 3?
AI: High-level scan / peek at the report’s table of contents

Select sub-chunks 
Based on that peek, it might decide: “Chapter 4 (pages 40–60) and Chapter 6 (pages 
90–110) are likely to mention Year 3 risks.”
Recursive call on chunks It then issues sub-queries:
“From pages 40–60, what risks are mentioned for year 3?”
“From pages 90–110, what risks are mentioned for year 3?”
Aggregate / refine
“In year 3 the report warned of supply chain disruption, regulatory changes, and 
declining demand in Asia.”
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Training-free GRPO rollouts





System 1 & System 2

ChatGPT 
image

Which is better?



From System 1 to System 2

System 1

instruction 
following

creativity

factuality safety

code math

…

one or more 
stages

System 2Supervised Fine-tuning and/or 
Reinforcement Learning on long 

Chain-of-Thought data

RL vs. SFT: RL allows the model to 
encode the subtle nuances of 

human preferences



Training reasoning models via reinforcement learning





Reinforcement Learning from Verifiable Rewards 
(RLVR) 



Guided Chain-of-Thought (CoT) template



Group Relative Policy Optimization (GRPO) (cont’d)



An interesting “aha moment” of DeepSeek-R1-Zero



o1 performance smoothly improves with both 
train-time and test-time compute

https://openai.com/index/learning-to-reason-with-llms/

https://openai.com/index/learning-to-reason-with-llms/


Test-time scaling

● Uses extra test-time compute to improve performance



Discussion: pros and cons of test-time scaling

●



Test-time scaling methods

● Parallel (repeated sampling)
○ multiple solution attempts (run independently)
○ chooses the most frequent or the best response
○ Brown et al. (2024); Irvine et al. (2023); Levi (2024)

● Sequential
○ later computations depend on earlier ones (e.g., a long 

reasoning trace)
○ allows it to refine each attempt based on previous outcomes
○ Muennighoff et al.(2025); Snell et al. (2024); Hou et al. 

(2025); Lee et al. (2025)

https://arxiv.org/abs/2407.21787
https://arxiv.org/abs/2303.06135
https://arxiv.org/abs/2410.16377
https://arxiv.org/abs/2501.19393
https://arxiv.org/abs/2408.03314
https://arxiv.org/abs/2501.11651
https://arxiv.org/abs/2501.11651
https://arxiv.org/abs/2501.09891






Coverage increases as we scale the number of samples 



Scaling inference time compute via repeated 
sampling leads to consistent coverage gains



API cost





s1

We seek the simplest approach to achieve test-time scaling and strong 
reasoning performance
 

● First, we curate a small dataset s1K of 1,000 questions paired with 
reasoning traces relying on three criteria we validate through 
ablations: difficulty, diversity, and quality.
 

● Second, we develop budget forcing to control test-time compute by 
forcefully terminating the model’s thinking process or lengthening it by 
appending “Wait” multiple times to the model’s generation when it 
tries to end. This can lead the model to double check its answer, often 
fixing incorrect reasoning steps.



s1K is a dataset of 1,000 high-quality, diverse, and 
difficult questions with reasoning traces.



Test-time scaling with s1-32B



s1-32B is on the sample-efficiency frontier



Budget 
forcing



Budget forcing shows clear scaling trends and 
extrapolates to some extent



Parallel scaling via majority voting



s1-32B is a strong 
open reasoning model



s1K data ablations



Ablations on methods to scale test-time compute



Budget forcing extrapolation ablations



Rejection sampling



Augmenting s1 with REBASE (process reward model)



Why does supervised fine-tuning on just 1,000 
samples lead to such performance gains?

● We hypothesize that the model is already exposed to large 
amounts of reasoning data during pretraining which spans 
trillions of tokens. 

● Thus, the ability to perform reasoning is already present in 
our model. 

● Our sample-efficient fine-tuning stage just activates it and 
we scale it further at test time with budget forcing.



Superficial Alignment Hypothesis

● LIMA: Less is more for alignment (Zhou et al., 2023)
○ 1,000 examples can be sufficient to align a model to 

adhere to user preferences

https://arxiv.org/abs/2305.11206




Superficial Alignment Hypothesis

● LIMA: Less is more for alignment (Zhou et al., 2023)
○ 1,000 examples can be sufficient

● LIMO: even competition-level complex reasoning abilities can be 
effectively elicited through minimal but curated training samples

● LIMO: a promising technical pathway toward AGI - any sophisticated 
reasoning capability, no matter how complex, could potentially be 
activated with minimal samples given two key conditions:

○ (1) sufficient domain knowledge embedded during pre-training
○ (2) optimal cognitive reasoning chains for activation

https://arxiv.org/abs/2305.11206


Categorizing the reasoning chains into five 

How well the reasoning steps were organized, whether important logical 
transitions were properly explained, and if the solution included 
self-verification steps

● L5: excellent organization with clear, well-explained steps and 
thorough self-verification

● L4: well-structured but perhaps with slightly less rigorous checking
● L3: decent organization but sometimes skipped over explaining crucial 

logical leaps
● L2: often provided abbreviated reasoning without much explanation
● L1: just listed basic steps with minimal elaboration and rarely included 

any verification



Statistical analysis of different quality levels



Comparison of models trained on reasoning chains of 
different quality levels



LIMO achieves substantial improvement over 
NuminaMath with fewer samples



… while excelling across diverse mathematical and 
multi-discipline benchmarks



LIMO achieves superior performance despite using 
significantly fewer training examples



Models trained on different question quality



Impact of pretrained model choice



Example model outputs



Thank you!


