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Logistics

● Office hours starting next week
○ both in-person and via Zoom (locations and links 

available on course website)

● Student presentations
○ Search for teammates on Piazza/Discord or reach out to 

us at cs5624instructors@gmail.com
○ Google form for submitting group information available 

later today (due 9/8)

mailto:cs5624instructors@gmail.com


AI news



Conceptual architecture of an LLM agent



A narrower definition of harness



Agent frameworks

● Claude Code 
● OpenCode 
● Codex Gemini CLI / Antigravity CLI 
● OpenHands 
● Pi
● Prime Agent
● …









Skill & harness evolution

● Meta-Harness: https://arxiv.org/abs/2603.28052
● EvoSkill: https://arxiv.org/abs/2603.02766
● SkillOpt: https://arxiv.org/abs/2605.23904
● …

https://arxiv.org/abs/2603.28052
https://arxiv.org/abs/2603.02766
https://arxiv.org/abs/2605.23904


Model & harness co-evolution

● Learning, Fast and Slow: https://arxiv.org/abs/2605.12484
● HarnessX: https://arxiv.org/abs/2606.14249

https://arxiv.org/abs/2605.12484
https://arxiv.org/abs/2606.14249


Today



Math review



Probability

● Conditional probability

      Rewriting

● Chain rule



Matrix-vector 
multiplication 

h

x

linear 
projection



Softmax function



Language modeling

● Predicting the next/missing word

Example: “The cat is on the ___.” → Predicted: “mat”.



What is a language model?

● A machine learning model that assigns a probability to each 
possible next word, or a probability distribution over 
possible next words

students opened their LM

books laptops

1.0

0.0





What is a language model? (cont’d)

● A language model can also assign a probability to an entire 
sentence

P(“The cat is on the mat”) > P(“On the mat, the cat is”) 

P(“The cat is on the mat”) = P(“The”) x P(“cat” | “The”) x P(“is” | 
“The cat”) x P(“on” | “The cat is”) x P(“the” | “The cat is on”) x 
P(“mat” | “The cat is on the”) 



Autoregressive decoding
● What is your favorite thing about fall? → LM 
● What is your favorite thing about fall? → LM → My
● What is your favorite thing about fall? My → LM → favorite
● What is your favorite thing about fall? My favorite → LM → thing
● What is your favorite thing about fall? My favorite thing → LM → about
● What is your favorite thing about fall? My favorite thing about → LM → fall
● What is your favorite thing about fall? My favorite thing about fall → LM → is
● What is your favorite thing about fall? My favorite thing about fall is → LM → the
● What is your favorite thing about fall? My favorite thing about fall is the → LM → 

change
● What is your favorite thing about fall? My favorite thing about fall is the change → 

LM → in
● What is your favorite thing about fall? My favorite thing about fall is the change in → 

LM → color



Two categories of language models

● Statistical/Probabilistic language models
○ N-gram / Count-based language models

● Neural language models (e.g., ChatGPT, Gemini)



N-grams

● An n-gram is a sequence of n words
● Unigram (n=1)

○ “The”, “water”, “of”, “Walden”, “Pond”
● Bigram (n=2)

○ “The water”, “water of”, “of Walden”, “Pond”
● Trigram (n=3)

○ “The water of”, “water of Walden”, “of Walden Pond”
● 4-gram
● …



N-grams (cont’d)

● Notation
○ word type: a unique word in our vocabulary
○ token: an individual occurrence of a word type

Example: “I am Sam. Sam am I. I do not like green eggs and 
ham.”

→ one word type of “I”, three tokens of “I”



N-grams (cont’d)

● How to compute the probabilities?

P(“blue” | “The water of Walden Pond is so beautifully”)
=

Count(“The water of Walden Pond is so beautifully blue”)

Count(“The water of Walden Pond is so beautifully”)

What is the problem with this approach?



The Markov assumption

● n-gram model: Approximate the prefix by just the last n-1 
words 

● bigram (n=2) model

P(“blue” | “The water of Walden Pond is so beautifully”) 
= P(“blue” | beautifully”)

● trigram (n=3) model

P(“blue” | “The water of Walden Pond is so beautifully”) 
= P(“blue” | so beautifully”)



The Markov assumption (cont’d)

● unigram model

● bigram model



Maximum likelihood estimation (MLE)

relative frequency

source: Jurafsky and Martin



N-gram language models

● Use maximum likelihood estimation (MLE)

P(“laptops” | “students opened their”) = 
Count(“students opened their laptops”)

Count(“students opened their”)



Example

● From a restaurant corpus

“can you tell me about any good cantonese restaurants 
close by” 

“tell me about chez panisse” 

“i’m looking for a good place to eat breakfast” 

“when is caffe venezia open during the day”

source: Jurafsky and Martin



Example (cont’d)

prefix

target

unigram 
counts

want 
followed 

i 827 
times

source: Jurafsky and Martin



Example (cont’d) 827/2533

source: Jurafsky and Martin



Sample generations

from King John

source: Jurafsky and Martin



Problems with n-gram language models

P(“laptops” | “students opened their”) = 
Count(“students opened their laptops”)

Count(“students opened their”)

What if “students 
opened their laptops” 

never occurred in 
training data?



Problems with n-gram language models (cont’d)

source: Jurafsky and Martin

Need to store Vn counts for an n-gram model! 



sparsity  
issue 

source: Jurafsky and Martin

Problems with n-gram language models (cont’d)



Shakespeare as corpus

● T=884,647 tokens, V=29,066
● Shakespeare produced 300,000 bigram types out of V2= 

844,000,000 possible bigrams.
● 99.96% of the possible bigrams have zero entries in the 

bigram table (were never seen)!



Should we increase the value of n?

● As n increases, the number of possible n-grams grows 
exponentially (many n-grams have insufficient or no data)

● Storing and processing large n-grams requires more memory and 
computational power

● Beyond a certain point, increasing n may not yield significant 
performance improvements, especially if the dataset does not 
contain sufficient examples of longer n-grams



Problems with n-gram language models (cont’d)

● Treat semantically similar prefixes independently of each 
other

“students opened their ___”

“pupils opened their ___”

“scholars opened their ___”

“students began reading their  ___”

Shouldn’t we share 
information across 

these prefixes?



Word representations / embeddings

● High-dimensional / sparse / one-hot representations
● Low-dimensional / dense representations



Word representations / embeddings (cont’d)
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Composition functions

● Element-wise functions
○ e.g., just sum up all of the word embeddings

● Concatenation
● Feedforward neural networks
● Convolutional neural networks
● Recurrent neural networks
● Transformers



Feedforward neural language model
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f is a non-linear activation 
function to model 

non-linear relationships 
between words



Activation functions

Rectified 
Linear Unit 
(ReLU)



W(1)

Deep neural networks
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Recurrent neural networks (RNNs)
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Recurrent neural networks (RNNs)

● RNNs advantages
○ can handle much longer histories
○ can generalize better over contexts of similar words
○ are more accurate at word-prediction

● RNNs disadvantages
○ are much more complex
○ are slower and need more energy to train
○ and are less interpretable than n-gram models



Problems with RNNs

● Bottleneck representation issue
● Lack of parallelism



Transformers



Different Transformers architectures

● Encoder-only
○ BERT

● Encoder-decoder
○ T5

● Decoder-only
○ GPT



encoder decoder



encoder decoder

les étudiants ont ouvert leurs livres the students opened their

books laptops1.0

0.0
a zoo

Machine Translation



Layer 1

Transformer 
encoder/decoder

…

N layers

Layer 2

Layer N



Transformer block (one layer)

Multi-head Self-attention

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



Transformer block

Feed forward

Multihead Attention



Self-attention

self-attention

h1 h2



Attention
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Attention (cont’d)

the

K

V

Q

the students opened their

Q = X · WQ 
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V = X · WV

linear 
projections



Query vectors

WQ
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Q = X · WQ 

linear 
projectionsdmodel

dhead

q1 q2



Key vectors

WK

x1 x2

K = X · WK 

linear 
projectionsdmodel

dhead

k1 k2



Value vectors
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V = X · WV 

linear 
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dhead

v1 v2



Attention (cont’d)

the
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Self-attention (cont’d)

the

K

V

Q
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all computations 
are parallelized



Self-attention (cont’d)

the
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Self-attention (cont’d)

the

K

V

Q

the students opened their

all computations 
are parallelized



Self-attention (cont’d)

the

K

V

Q

the students opened their

all computations 
are parallelized 
during training 
and sequential 

during inference



Quadratic complexity

The time complexity of 
self-attention is quadratic in 

the input length O(n2)a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

Q

KT



Quadratic complexity

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

Q

KT

x V







All computations are parallelized

dk: scaling factor

large products push the softmax 
function into regions where it 
has extremely small gradients



Multi-head attention

Q1…Qh

K1…Kh

V1…Vh



Multi-head attention (cont’d)

Q1…Qh

K1…Kh

V1…Vh

These output values 
are concatenated and 
once again projected



Transformer block (cont’d)

Feed forward

Multihead Attention



output vectors
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Position-wise feedforward networks

W

h1 h2

x1 x2



h1 h2



Transformer block (one layer)

Multi-head Self-attention

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



Residual connection

⨁ ⨁ ⨁ ⨁



Residual connection



Layer normalization

Each activation vector is normalized so that its 
components have mean 0 and variance 1. This 

prevents activations from becoming too large or too 
small as they propagate through the network.



Residual connection and layer normalization



Position-wise Feed-Forward Networks

ReLU (Rectified 
Linear Unit)



Sinusoidal positional encoding



Positional Encoding (cont’d)

Q1…Qh

K1…Kh

V1…Vh

⨁ ⨁ ⨁ ⨁



Attention visualizations



Attention visualizations (cont’d)



Feed forward

Putting it all together

Attention



Encoder only



Encoder (one layer)

Multi-head Self-attention 
(unmasked)

encoder

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



Decoder (one layer)

Multi-head Self-attention 
(masked)

decoder

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



encoder decoder

les étudiants ont ouvert leurs livres the students opened their

books laptops1.0

0.0
a zoo

Machine Translation



Transformer decoder

thethe students opened their

students opened their books

Transformer decoder
(masked)

the architecture 
used in frontier 

LLMs



Transformer decoder (cont’d)

Transformer decoder
(masked)

V

✘ ✘✘

the students opened their

students



Transformer decoder (cont’d)

Transformer decoder
(masked)

students opened

V

✘ ✘

the students opened their



Self-attention in the decoder

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

✘✘✘
✘✘
✘

masking out all values in 
the input of the softmax 

which correspond to 
illegal connections



Self-attention in the decoder (cont’d)

a11 0 0 0

a21 a22 0 0

a31 a32 a33 0

a41 a42 a43 a44

masking out all values in 
the input of the softmax 

which correspond to 
illegal connections



Self-attention in the decoder (cont’d)

s11   -∞ -∞ -∞

s21 s22 -∞ -∞

s31 s32 s33 -∞

s41 s42 s43 s44

masking out (setting to 
−∞) all values in the 
input of the softmax 
which correspond to 
illegal connections



Feed forward

Decoder (cont’d)

Attention



Decoder (cont’d)



Encoder (one layer)

Multi-head Self-attention 
(unmasked)

encoder

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



Decoder (one layer)

Multi-head Self-attention 
(masked)

decoder

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm



encoder decoder

les étudiants ont ouvert leurs livres the students opened their

books laptops1.0

0.0
a zoo

Encoder-decoder architectures



Layer 1

decoder

…

Decoder 
(N layers)

Layer 2

Layer N

encoder’s final output



Decoder (one layer)

Multi-head Self-attention 
(masked)

decoder

Feed Forward (non-linearity)⨁

⨁Add & Norm

Add & Norm

Multi-head Cross-attention 
(unmasked)⨁Add & Norm



Cross-attention in the decoder

Multi-head Attention 
(unmasked)

encoder

K

V

Multi-head Attention 
(masked)

decoder

linear
projections Multi-head cross-attention 

(unmasked)

Q



Cross-attention in the decoder (cont’d)

Multi-head Attention 
(unmasked)

encoder

K

V

Multi-head Attention 
(masked)

decoder

linear
projections Multi-head cross-attention 

(unmasked)

Q

⨁

⨁

residual
connections

residual
connections



encoder decoder



Thank you!


